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Extended gyrokinetic field theory for time-dependent magnetic confinement fields A gyrokinetic system of equations for turbulent toroidal plasmas in time-dependent axisymmetric background magnetic fields is derived from the variational principle. Besides governing equations for gyrocenter distribution functions and turbulent electromagnetic fields, the conditions which self-consistently determine the background magnetic fields varying on a transport time scale are obtained by using the Lagrangian, which includes the constraint on the background fields. Conservation laws for energy and toroidal angular momentum of the whole system in the time-dependent background magnetic fields are naturally derived by applying Noether's theorem. It is shown that the ensemble-averaged transport equations of particles, energy, and toroidal momentum given in the present work agree with the results from the conventional recursive formulation with the WKB representation except that collisional effects are disregarded here. Numerous studies have so far been done based on gyrokinetic theories and simulations in order to investigate microinstabilities, turbulence, and transport processes in magnetically confined plasmas. [1] [2] [3] [4] In conventional gyrokinetic studies, the gyrocenter phase-space variables are defined by using the background magnetic confinement field that is assumed to be independent of time. Recently, several works have been trying to perform long-time gyrokinetic turbulent transport simulations including evolutions of equilibrium profiles 5, 6 although they still use the abovementioned assumption. However, the background or equilibrium magnetic field changes along with the pressure profile on the transport time scale. Therefore, in order to accurately describe the long-time behaviors of the gyrokinetic turbulence, we need to treat the time-dependent background field and show how to determine its time dependence. In this work, the gyrokinetic field theory 7 is extended to derive the conditions which determine the time-dependent magnetic confinement fields in axisymmetric toroidal systems.
Basic equations for a wide range of physical systems including plasmas can be derived from the variational principle, which is useful to elucidate conservation properties. 8 Noting that the gyrokinetic model is an approximate representation of the Vlasov-Poisson-Ampère equations, their conservation laws were investigated by the variational principle in our previous work, 9 where it was shown how they differ from those for the full Vlasov-Maxwell system. In the gyrokinetic field theory, all equations which govern gyrocenter distribution functions and electromagnetic fields, are derived by applying the variation principle to the action integral of the Lagrangian, for the turbulent magnetized plasma system consisting of particles and fields. 7, 10 Therefore, Noether's theorem 8 can be utilized to elegantly derive various conservation laws from the symmetry properties of the system. Especially, the toroidal momentum conservation law has been actively investigated in recent works based on the gyrokinetic field theory because the toroidal momentum transport is deeply connected to one of critical issues for plasma confinement studies, which is how to accurately predict profiles of toroidal flows and radial electric fields in tokamaks. 4, [11] [12] [13] [14] [15] [16] [17] Regarding these conservation laws, they have also been derived from the conventional drift kinetic and gyrokinetic equations based on the recursive formulation. [14] [15] [16] 18 In the present paper, not only the particle, energy, and toroidal momentum conservation laws in the time-dependent background fields are naturally derived from the extended gyrokinetic field theory but also their ensemble averages are taken with the help of the WKB representation 19 in order to elucidate the consistency between the present results and those from the conventional recursive formulation.
The rest of this paper is organized as follows. Section II presents the action integral of the Lagrangian, from which all governing equations for the gyrocenter motion, distribution functions, turbulent electromagnetic fields, and the timedependent equilibrium field are derived in Sec. III using the variational principle. It should be noted that, in the present formulation as well as in other Lagrangian and Hamiltonian formulations, we do not treat effects of collisions and external sources such as heating and torque terms, which remain as future subjects. In Sec. IV, useful formulas for the gyrocenter densities and the polarization density are derived from the gyrokinetic Vlasov and Poisson equations obtained in Sec. III. In Sec. V, we consider general infinitesimal transformations of all variables included in the Lagrangian, and find the expression for the resultant variation of the action integral, which gives a general form of conservation laws as a result of Noether's theorem. Then, as specific examples, conservation laws of energy and toroidal angular momentum are derived from the invariances of the system under the time translation and the toroidal rotation. These conservation laws are ensemble-averaged in Sec. VI with the scale separation technique using the WKB representation. Then, the resultant ensemble-averaged particle, energy, and toroidal moment transport equations, which are of the second order in the normalized gyroradius, are shown to agree with the conventional results except that the collisional effects are disregarded in the present results. Finally, conclusions are given in Sec. VII.
II. LAGRANGIAN
All governing equations for the gyrokinetic system considered here is derived from the variational principle
where I denotes the action integral and d represents the variation. The Lagrangian L is written as
where L f represents the Lagrangian density associated with electromagnetic fields [see Eq. (14)]. The single-particle Lagrangian L a for particle species a is written in terms of the gyrocenter coordinates Z a ¼ ðZ
where X a , U a , l a , and n a denote the gyrocenter position, parallel velocity, magnetic moment, and gyrophase angle, respectively, _ d=dt represents the time derivative, and A Ã a is defined by
[It is noted that, in Ref. 7, the gyrocenter coordinates are denoted by Z a ¼ ðX a ; U a ; l a ; n a Þ instead of Z a ¼ ðX a ; U a ; l a ; n a Þ.] Here, the vector potential A 0 is associated with the equilibrium magnetic field B 0 ¼ r Â A 0 , which is assumed to be time-dependent, and the gyrocenter Hamiltonian, which is independent of n a , given by
with
Here and hereafter, the gyrophase-average and gyrophasedependent parts of an arbitrary periodic gyrophase function Q(n a ) are written as
respectively. On the right-hand side of Eq. (6), the gyroradius vector is given by q a ¼ bðX a ; tÞ Â v a0 ðZ a ; tÞ=X a ðX a ; tÞ with the gyrofrequency X a ¼ e a B 0 =ðm a cÞ, and the field variable w a is defined by w a ðZ a ; tÞ ¼ /ðX a þ q a ; tÞ À 1 c v a0 ðZ a ; tÞ Á A 1 ðX a þ q a ; tÞ; (8) where / and A 1 denote the electrostatic potential and the perturbation part of the vector potential, respectively. The zeroth-order particle velocity v a0 is written in terms of the gyrocenter coordinates as v a0 ðZ a ; tÞ ¼ U a bðX a ; tÞ À ½2l a B 0 ðX a Þ=m a
1=2
Â ½sin n a e 1 ðX a ; tÞ þ cos n a e 2 ðX a ; tÞ;
where the unit vectors e 1 , e 2 , and b B 0 =B 0 form a right-handed orthogonal system. On the right-hand side of Eq. (2),
0 dn 0 represents the integral with respect to the initial gyrocenter coordinates Z 0 ðX 0 ; U 0 ; l 0 ; n 0 Þ; F a ðZ 0 ; t 0 Þ denotes the distribution function for species a at an arbitrarily specified initial time t 0 , and the Jacobian is given by
where B 
with r ¼ @=@X a . The gyrocenter coordinates of the particle at the time t are denoted by Z a ðZ 0 ; t 0 ; tÞ which satisfy the initial condition
Poisson brackets are determined from the single-particle Lagrangian in Eq. (3). The nonvanishing components of the Poisson brackets for pairs of the gyrocenter coordinates are given by
where I e 1 e 1 þ e 2 e 2 þ bb represents the unit dyadic. The last integral term on the right-hand side of Eq. (2) is associated with the electromagnetic fields and the Lagrangian density L f is defined by
where
is newly introduced to impose constraint conditions on the equilibrium magnetic field that is axisymmetric and timedependent [see also Eq. (30)]. Here, I and v represent the covariant toroidal component of B 0 and poloidal magnetic flux divided by 2p, respectively, and f is the toroidal angle coordinate. Here, I and v are both independent of f and they are written as I ¼ Iðv; tÞ and v ¼ vðR; zÞ where the right-handed cylindrical spatial coordinates (R, z, f) are employed. The last two terms in Eq. (6) give the perturbation to the Hamiltonian on the second order in the parameter d ¼ q/L given by the ratio of the gyroradius to the equilibrium scale length L. We retain these second-order perturbation terms here because they influence the gyrokinetic Poisson equation and/or Ampère's law derived in Sec. III to the lowest order in d. However, in this work, we neglect all other secondorder terms. The second-order correction terms 21, 22 to define the difference between the particle and gyrocenter positions are not considered here. In order to avoid a secular deviation of the particle position from the gyrocenter in a long time gyrokinetic simulation, Wang and Hahm 20 considered the correction due to the fluctuating E Â B velocity in the definition of the gyrocenter position and included the polarization drift in the gyrocenter equations of motion, which are not retained in this work either. Besides, A Ã a defined in Eq. (4) does not contain the gyrogauge-dependent term which is of the second order in d. 21 In spite of these facts, we see that the second-order transport equations for particles, energy, and toroidal momentum shown in Sec. VI are not influenced by these second-order terms neglected in the present paper.
III. GYROKINETIC EQUATIONS
In this section, governing equations for the gyrocenter motion, distribution functions, turbulent electromagnetic fields, and the time-dependent equilibrium field are all derived from the variational principle using the Lagrangian shown in Eq. (2). In the derivation, variational variables are assumed to be fixed at the boundaries of the integral regions.
A. Gyrocenter motion equations and gyrokinetic Vlasov equation
The gyrocenter motion equations are obtained from dI =dZ a ¼ 0 as
which are rewritten as
and
where the effects of the vector potential for the timedependent background magnetic field appear through the terms proportional to @A Ã a =@t and the fluctuating electromagnetic fields are included in the potential W a .
The distribution function F a (Z, t) for the time t is determined by
Since Eqs. (16)- (20) are independent of the gyrophase n a , X a ðZ 0 ; t 0 ; tÞ; U a ðZ 0 ; t 0 ; tÞ, and l a ðZ 0 ; t 0 ; tÞ are all independent of the initial gyrophase n 0 . The Jacobian D a is also gyrophase-independent. Then, we find from Eq. (21) that, if F a is initially gyrophase-independent, it is gyrophase-independent at any time. Hereafter, we assume without loss of generality that F a is gyrophase-independent, @F a ðZ; tÞ=@n ¼ 0. Noting that the Jacobian D a B Ã ak =m a is time-dependent, we see that the gyrocenter phase-space conservation law is given by
where ðdZ a =dtÞðZ; tÞ represents the value of the right-hand side of Eq. (16) evaluated at the gyrocenter position Z and the time t. From Eqs. (16) and (21), we have the gyrokinetic Vlasov equation in the conservation form
which is rewritten with the help of Eq. (22) in the convection form
B. Equations for electromagnetic fields
The Coulomb gauge conditions r Á A 1 ¼ 0 and r Á A 0 ¼ 0 for the perturbation and equilibrium parts of the vector potential are derived from dI=dk ¼ 0 and dI =da ¼ 0, respectively. The gyrokinetic Poisson equation is obtained from dI=d/ ¼ 0 as
From dI =dA 1 ¼ 0, we obtain
where the gyrokinetic current density is defined by 
respectively. Equation (29) represents the gyrokinetic Ampère's law. From dI =dK ¼ 0, the equilibrium magnetic field B 0 is given in the axisymmetric form as
The equilibrium vector potential A 0 , which satisfies the Coulomb gauge condition and Eq. (30) with B 0 ¼ r Â A 0 , is given by
where g ¼ gðR; ZÞ is the solution of
The conditions for K are derived from dI =dv ¼ 0 and dI =dI ¼ 0 as
respectively, where the toroidal-angle and flux-surface averages are defined by Á Á Á ð2pÞ À1 Þ Á Á Á df and hÁ Á Ái ð2pÞ
À2
Þ ffiffi ffi g p Þ Á Á Á dhdf, respectively, and the Jacobian for the flux coordinates (v, h, f) is given by
Here, h denotes the poloidal angle and q B 0 Á rf=B 0 Á rh is the safety factor. We use the superscript ðÁ Á ÁÞ f and the subscript ðÁ Á ÁÞ f to represent the contravariant and covariant toroidal components, respectively:
where the gyrocenter current is written as
Here, the gyrocenter density n 
and the perpendicular component of an arbitrary vector a is denoted by a ? ðb Â aÞ Â b.
In the same way as in Eqs. (26)- (29), Eq. (37) is divided into the longitudinal part
and the transverse part
Equation (45) gives the gyrokinetic Ampère's law in a different form from Eq. (29) . The two different expressions of the gyrokinetic Ampère's law are necessary to determine the equilibrium and perturbation parts of the magnetic field separately. We define B (gc) as the magnetic field produced by
from which we obtain
Then, using Eqs. (30) and (45), we have
which is combined with Eqs. (35) and (36) to obtain
Using Eq. (34) and taking the f-average of the toroidal component of Eq. (45) gives
The time-dependent axisymmetric background field B 0 [see Eq. (30)] can be self-consistently determined by using Eqs. À1 j 0 Â B 0 ¼ rð P a n a0 T a0 Þ, where n a0 and T a0 denote the zeroth-order density and temperature for species a [see Eq. (116)], respectively. Then, using Eqs. (46)- (50) to express j 0 Á rh and j 0 Á rf in terms of @I=@v and D Ã v, respectively, and substituting them into the radial component of the MHD equilibrium condition yield the Grad-Shafranov equation. This derivation of the Grad-Shafranov equation is based on the low-flow ordering used in the present work; the magnitude of the background E Â B drift velocity u E is assumed to be on the same order as that of the diamagnetic drift velocity given by the thermal velocity v T times d ¼ q/L. When the high-flow ordering u E ¼ Oðv T Þ is used, the large-amplitude radial electric field modifies the gyrokinetic equations, [24] [25] [26] and accordingly makes the momentum conservation law different from the one shown in the present work.
In summary, for the present model, Eqs. (24), (25), (26), (49), and (50) constitute the closed system of governing equations which determine F a , /, A 1 , I, and v (A 0 and B 0 are determined from I and v). It should be noted that these governing equations do not contain the other field variables k, a, and K, which are included in the Lagrangian, Eq. (2), as the Lagrange undetermined multipliers associated with the constraint conditions for A 1 , A 0 , and B 0 . If we fix the background magnetic field, we can eliminate Eqs. (49)- (50), and Eqs. (24)- (26) form the closed system equations for F a , /, and A 1 as obtained in the previous gyrokinetic formulations. For the case of the electrostatic turbulence, A 1 is neglected, Eq. (26) is not used, and the reduced set of equations is given by Eqs. (24), (25), (49), and (50) which determine F a , /, I, and v. These equations can be used to describe the gyrokinetic system, in which the time evolutions of equilibrium profiles are dominated by the electrostatic turbulent transport while there are slow variations of the background magnetic field to be consistent with the evolving profiles.
IV. GYROCENTER DENSITIES AND POLARIZATION
Integrating the gyrokinetic Vlasov equation, Eq. (23), with respect to the velocity-space coordinates (U, l, n), we immediately obtain (25) is rewritten as
which is a useful formula to represent effects of finite gyroradii. Several numerical schemes to evaluate the phase-space integral including d 3 ðX þ q a À xÞ as seen in Eq. (25) have been devised for gyrokinetic turbulence simulation. [27] [28] [29] Substituting Eq. (52) into Eq. (25) and rewriting x as X, the gyrokinetic Poisson equation is rewritten as 
where E L ¼ Àr/; r ¼ @=@X, and P ðpolÞ represent the polarization density defined by
Here, q ai denotes the ith Cartesian component of q a ¼ bðX; tÞ Â v a0 ðZ; tÞ=X a ðX; tÞ, and
We can also rewrite P (pol) as
We see that the P w represents the polarization caused by the field w and that the charge density (at the position X) for the case of w ¼ 0 is given by X a e a n ðgcÞ a
which shows that the particle charge density should be evaluated from the gyrocenter charge density with keeping the corrections due to finite gyroradii. Using Eqs. (38) and (51), we find
Equation (53) is rewritten as
which is substituted into Eq. (60) to obtain
Thus, the longitudinal part j ðgcÞ L of the gyrocenter current is equal to the minus sign of the longitudinal part of the displacement current plus the polarization current. Then, using Eqs. (60) and (62), we find that the useful formula
holds for any function AðX; tÞ. The relation in Eq. (63) is used in Sec. V B to derive Eq. (101).
V. CONSERVATION LAWS
In this section, conservation laws for energy and toroidal angular momentum are derived from Noether's theorem in the way similar to that in Ref. 9 . First, we consider general infinitesimal transformations of the Eulerian field variables given as function of (x, t) 
Here, dt E and d x E are generally functions of (x, t) while d/; dA 1 ; dA 0 ; dk; da, and dK are produced by the variations in their functional forms and those in the variables (x, t) 
where 
On the right-hand side of Eq. (73), dR a is associated with effects of finite gyroradii [see Eq. (52)] on electromagnetic fields and defined by
where dw a is given by
We recall that the conservation of the magnetic moment l results from the invariance under the variation of the gyrophase n a although, in order to prepare for deriving the conservation laws of energy and toroidal momentum in the following subsections, we hereafter consider the case in which dn a ¼ 0 and accordingly 
with the functions dG 0 and dG defined by
Here, the superscript T represents the transpose of the tensor, and I denotes the unit tensor. Comparing the variation dI of the gyrokinetic action integral shown in Eqs. (77)- (79) and the similar expression of dI given in Ref. 9 for the Vlasov-Poisson-Ampère system, we find that more complicated terms appear in dG 0 and dG in the present system due to effects of the finite gyroradii and the new variational fields included for separately determining the turbulent and background fields. 
This is Noether's theorem for the present gyrokinetic system. Here, we use flux coordinates (s, h, f), where s denotes an arbitrary radial coordinate to label flux surfaces, so that v is written as a function v ¼ v(s, t). The volume enclosed by the flux surface with the label s at the time t is denoted by V (s, t) and its radial derivative is represented by V 0 @V=@s. Under the nonstationary background field B 0 , flux surfaces may change their shapes and the grid of the flux coordinates moves. Then, the grid velocity 30 is given by u s ¼ @xðs; h; f; tÞ @t ;
and we obtain the following formula
where on the right-hand side, the partial derivatives @/@t and @/@s act on functions of (s, t) obtained after taking the fluxsurface average while, on the left-hand side, the partial time derivative @/@t is taken with fixed X before the flux- 
A. Energy conservation
In order to derive the energy conservation law, we consider the infinitesimal translation in time represented by dt E ¼ where is an infinitesimally small constant. Here, all other variations dx E , d/; dA 1 ; dA 0 ; dv; dI; dk; da; dK, and dZ a are regarded as zero. Under this infinitesimal time translation, dI ¼ 0 is satisfied for an arbitrary integral domain in the form of ½t 1 ; t 2 Â ½s 1 ; s 2 [see the remark before Eq. (80)] because the integrands in the action integral I given by Eq. (2) have no explicit time dependence while they implicitly depend on t through /, A 1 , A 0 , k, a, K, and Z a . Then, using the time translational symmetry and Eqs. (78)-(80), we obtain
where Q R arises from Eq. (75) and is defined by
With the help of the gyrokinetic Poisson equation in Eq. (25), the canonical energy density E c is rewritten as
where E and U R are defined by
respectively. Substituting Eq. (86) into Eq. (84), we obtain the energy conservation written as
which is rewritten by using Eq. (83) as
Here, Q is defined by
and 
B. Conservation of toroidal angular momentum
In Subsection V B, the energy conservation law is derived from the invariance of the system under the time translation. It should be noted that, since the Lagrangian explicitly contains rf through L B0 defined in Eq. (15) to derive the axisymmetric equilibrium field, the present gyrokinetic system is not invariant under the spatial translation but it is still invariant under the toroidal rotation. Therefore, the toroidal angular momentum conservation is derived from the fact that dI ¼ 0 under the infinitesimal toroidal rotation represented by dx E ¼ e f ðXÞ. Here, is again an infinitesimally small constant, and e f ðXÞ is defined by
where the right-handed cylindrical spatial coordinates (R, z, f) are used. We also defineẑ by
which represents the unit vector in the z-direction. Then, if putting the origin of the position vector X at (R, z) ¼ (0, 0), we have e f ðXÞ ¼ X Âẑ. Under the infinitesimal toroidal rotation, the variations dt E , d/; dv; dI; dk, and da are all regarded as zero while the variations of the vector variables are given by
Then, using dI ¼ 0 under the infinitesimal toroidal rotation and Eqs. (78)- (80), we obtain
Using Eqs. (97)- (100) and Eq. (63) with A ¼ A 0f , the toroidal angular momentum conservation law is written as
In Sec. VI C, we derive the ensemble-averaged toroidal angular momentum conservation from Eq. (101) in order to confirm that it is consistent with the conventional result up to the second order in d.
VI. ENSEMBLE-AVERAGED CONSERVATION LAWS
In this section, the conservation laws derived in Sec. V are ensemble-averaged for the purpose of verifying their consistency with those obtained by previous works. 14, 16, 18 First, we divide the vector potential A and the magnetic field B into the average and fluctuation parts as Aðx; tÞ ¼ hAðx; tÞi ens þÂðx; tÞ; Bðx; tÞ ¼ hBðx; tÞi ens þBðx; tÞ;
where hÁ Á Ái ens represents the ensemble average, and we immediately find hÂi ens ¼ hBi ens ¼ 0. We also identify the zeroth fields A 0 and B 0 with the ensemble-averaged parts to write
Regarding the electrostatic potential /, it is written as the sum of the average and fluctuation parts /ðx; tÞ ¼ h/ðx; tÞi ens þ/ðx; tÞ:
Here, assuming that h/ðx; tÞi ens 6 ¼ 0, the background the E Â B flow is retained and its velocity is regarded as Oðdv T Þ, where d and v T represent the drift ordering parameter and the thermal velocity, respectively. Combining Eqs. (8), (106), and (107), we have
We assume that the ensemble average hQi ens of any variable Q considered here has a slow temporal variation subject to the so-called the transport ordering and that it has a gradient scale length L which is on the same order as gradient scale lengths of the equilibrium field and pressure profiles. These assumptions are expressed by
jrlnhQi ens j ¼ Oð1=LÞ:
We also impose the constraint of axisymmetry on hQi ens that is written as
even though Q itself is not axisymmetric. The spatiotemporal variations of the fluctuation partQ are assumed to be subject to the conventional gyrokinetic orderings
jb Á r lnQj ¼ Oð1=LÞ;
where q T stands for the thermal gyroradius. Besides, we use the WKB representation 19 ofQ
Here,Q k ? ðx; tÞ has a gradient scale length L while the eikonal S k ? ðx; tÞ represents the rapid perpendicular variation with the wave number vector k ? rS k ? ð$ 1=qÞ that is perpendicular to the background field B 0 . It is found from Eqs.
(110), (112), and (113) that hQ
The distribution function F a for species a is also divided into the average and fluctuation parts as
where the ensemble-averaged part hF a i ens consists of the local Maxwellian part and the deviation from it
The local Maxwellian distribution function F aM is written as
where the equilibrium density n a0 and temperature T a0 are regarded as uniform on flux surfaces. The first-order ensemble-averaged distribution function hF a1 i ens is determined by the drift kinetic equation, which can be derived by substituting Eq. (115) into the ensemble average of Eq. (24) . The derived equation agrees, to OðdÞ, with the well-known linearized drift kinetic equation, on which the neoclassical transport theory is based. 30 We write the fluctuation partF a aŝ
Then, from the fluctuation part of the gyrokinetic equation in Eq. (24), we can derive
which is valid to the lowest order in d. Equation (118) agrees with the conventional gyrokinetic equation for the nonadiabatic partĥ a of the perturbed distribution function derived from using the WKB representation. 18, 31 On the right-hand side of Eq. (118), the turbulent partv ðgcÞ a of the gyrocenter drift velocity v
Here, the gyrophase-averaged turbulent field is given in terms of the WKB representation by hŵ a ðX þ q a ; tÞi n ¼ P
exp½iS k ? ðX; tÞ and
where J 0 and J 1 are the zeroth-and first-order Bessel functions, respectively, and v ? jðb Â v a0 Þ Â bj. We find from Eqs. (56)- (58) that the ensemble average of P (pol) are written as
Here, 
which is valid to the lowest order in d. Equation (124) coincides with the gyrokinetic Poisson equation derived by the conventional recursive formulation. 18, 32, 33 It can also be shown from Eqs. (27) and (117) that, to the lowest order in d, the WKB representation of the turbulent part of Eq. (29) agrees with the conventional expression of Ampère's law. 18, 32, 33 A. Ensemble-averaged particle transport equation 
and hhÁ Á Áii represents a double average over the flux surface and the ensemble. Here, n a0 is the equilibrium density which is a flux-surface function and characterizes the Maxwellian distribution function F aM in Eq. (116). The radial particle flux is written as
which consists of the nonturbulent part
and the turbulence-driven part
Here, the gyrocenter drift velocity is written as the sum of the ensemble-averaged and turbulent parts 
where hv ðgcÞ a i ens is obtained by taking the ensemble average of the right-hand side of Eq. (17) and the turbulent part of the gyrocenter drift velocity is given by Eq. (119). Using Eqs. (82), (125), and (127), the ensemble-averaged particle transport equation is written as
Substituting Eq. (17) into Eq. (128), the nonturbulent radial particle flux is expressed by
where P CGL a1 represents the first-order part of the pressure tensor in the Chew-Goldberger-Low (CGL) form 30 defined by
and the ensemble-averaged electric field is given by
The right-hand side of Eq. (132) expresses the neoclassical radial particle flux and the radial E Â B drift which are wellknown by the conventional neoclassical transport theory 30 although the collisional effects are not included in the present formulation based on the Lagrangian shown in Eq. (2). Substituting Eqs. (119) into Eq. (129) yields the turbulent radial particle flux given by
which is equivalent to the expression obtained by the conventional gyrokinetic theory based on the WKB formalism. 18 As shown above, the well-known expressions of the neoclassical and turbulent particle fluxes are included in ðC NA a Þ s and ðC A a Þ s . However, the classical particle flux does not appear in ðC NA a Þ s , respectively. This is because collisional processes are disregarded by the Lagrangian. The neoclassical particle flux included in ðC NA a Þ s can also be shown to vanish after all by using the fact that hF a1 i ens should satisfy the drift kinetic equation with no collision term.
B. Ensemble-averaged energy conservation law
In the subsequent subsections, the ensemble-averaged energy and toroidal angular momentum conservation laws are derived from the results obtained by Noether's theorem in Secs. V A and V B. Taking the ensemble average of the energy density defined by Eq. (87) and expanding it in d, we have
where the energy density of the electric field is neglected as a small quantity of Oðd 2 Þ. The radial components of the first two terms on the right-hand side of Eq. (92) are doubleaveraged over the ensemble and the flux surface to obtain
Here, the radial particle flux ðC a Þ s is given by Eqs. (127) and the radial heat flux ðq a Þ s is written as
In the similar manner to Eq. (132), the nonturbulent heat flux is written as
where the heat stress tensor H CGL a is defined by
The expression of Eq. (140) coincides with that of the neoclassical radial heat flux in terms of the heat stress tensor. 30 The turbulent heat flux in Eq. (139) is also written in the same form as used in the conventional gyrokinetic theory
Now, using Eqs. (82), (90)- (93), (135), and (136), we find 
and @ @t
Combining Eqs. (143)-(145), we obtain
Equations (143) and (146) take the well-known forms of the energy balance equations 34 except that the terms associated with the electric field energy and the kinetic energies due to the fluid velocities are neglected here as small quantities of higher order in d. As explained in the end of Sec. VI A, since collisions are disregarded, the radial particle and heat fluxes, In this subsection, the ensemble-averaged toroidal angular momentum conservation law is derived from using the results in Sec. V B. Using Eqs. (30), (121)-(123) , and A 0f ¼ Àv, we obtain
where u E chEi ens Â b=B 0 represents the nonturbulent part of the E Â B drift velocity [note that the contributions of E T Àc À1 @A=@t to u E and S ðPoyntingÞ are smaller by the factor of d than those of E L Àr/]. We find that the term 1 c hP g i ens Á rv in Eq. (147) cannot be written in the form of the toroidal component of the momentum P a n a0 m a u ðdiaÞ a due to the diamagnetic drift velocity u ðdiaÞ a ðc=e a n a0 B 0 Þb Ârðn a0 T a0 Þ although the magnitude of 1 c hP g i ens Á rv is on the same order of P a n a0 m a u ðdiaÞ a Á e f . Then, using Eqs. (10) and (47) and (110) and (147), we have
where u ak represents the nonturbulent part of the parallel fluid velocity for particle species a defined by n a0 u ak Ð dU Ð dl Ð dnhF a1 i ens U. It should be noted that, on the right-hand side of Eqs. (148), each of the temporal variation terms including u ak ; u E ; S ðPoyntingÞ ; hP g i ens is of Oðd 3 Þ while
A =c 2 Þ P a n a0 m a u E is obtained from using the Alfv en velocity v A B 0 =ð4p P a n a0 m a Þ 1=2 .
Using Eqs. (8), (100), (103), (104), (113), (117), and (119), we have
where the nonturbulent and turbulence-driven parts of the radial flux of the toroidal angular momentum are defined by
respectively. Finally, the ensemble-averaged toroidal angular momentum conservation law is rewritten by using Eqs. (82), (101), (148), and (150) as 
where the terms including ðu ak b þ u E Þ and S ðPoyntingÞ are of Oðd 3 Þ although they are explicitly written down for comparison with the toroidal momentum balance equation in Ref. 16 .
In Ref. 16 , the toroidal flow velocity V 0 on the order of the sonic speed (high-flow ordering) is assumed to be given by the sum of the parallel flow velocity and the E Â B drift velocity of Oðv T Þ although the toroidal momentum balance equation, Eq. (57) 
VII. CONCLUSIONS
In this work, a gyrokinetic system of equations for turbulent toroidal plasmas in time-dependent axisymmetric background magnetic fields are derived from the variational principle using the Lagrangian which includes the constraint on the background fields. From these equations, the background fields, which vary on the transport time scale, can be determined self-consistently with the relaxation of the pressure profile due to the turbulent particle and heat transport.
Conservation laws of energy and toroidal angular momentum are derived from applying Noether's theorem to the action integral of the Lagrangian. Besides, assuming separate spatiotemporal scales for the average and fluctuation parts of physical variables, ensemble averages of particle, energy, and toroidal angular momentum conservation laws are taken. The resultant ensemble-averaged conservation laws are consistent to the lowest order in the gyrokinetic ordering parameter d, namely Oðd 2 Þ, with those obtained by the conventional gyrokinetic theory based on the WKB formalism. We should note that the present and conventional gyrokinetic equations are both accurate up to OðdÞ and that the classical and neoclassical transport fluxes vanish in the present work because collisional processes are ignored here.
As shown in Ref. 14, in the case of the low-flow ordering, all terms in the ensemble-averaged toroidal momentum conservation law vanish to Oðd 2 Þ in the axisymmetric background magnetic field with the up-down symmetry, for which the background radial electric field E s cannot be determined by the Oðd 2 Þ toroidal momentum balance equation although the Oðd 2 Þ transport equations for particles and energy are not influenced by E s either. It is known that, for rotating plasmas with large toroidal flows on the order of the ion thermal speed, E s can be determined from the Oðd 2 Þ toroidal momentum transport equation. 16 It should be noted here that the above-mentioned remarks on the momentum transport strongly depend on the ordering argument combined with the scale separation assumptions using the WKB representation as described in Sec. VI. The scale separation assumptions may not be satisfied by some solutions of the gyrokinetic equations, which may show significantly nonlocal turbulent momentum transport different from the prediction by the above ordering argument.
In the present work, collisions are neglected so that the resistive diffusion of the background magnetic field is not treated here. In order to describe the resistive diffusion process, we need to add the collision term into the gyrokinetic equation, which yields the resistivity relating the electric current to the inductive electric field. As future tasks, we plan to extend the present work to include effects of collisions, external sources, and large toroidal flows.
